We carry out a systematic investigation for the minimal Dirac neutrino mass models emerging from generic one-loop and two-loop topologies that arise from d = 5 effective operator with a singlet scalar, σ. To ensure that the tree-level Dirac mass, as well as Majorana mass terms at all orders, are absent for the neutrinos, we work in the framework where the Standard Model is supplemented by the well-motivated U (1) B−L gauge symmetry. At the one-loop level, we analyze six possible topologies, out of which two of them have the potential to generate desired Dirac neutrino mass. Adopting a systematic approach to select minimal models, we construct seventeen viable one-loop Dirac neutrino mass models. By embracing a similar methodical approach at the two-loop, we work out twenty-three minimal candidates. Among the forty selected economical models, the majority of the models proposed in this work are new. In our search, we also include the scenarios where the particles in the loop carry charges under the color group. Furthermore, we discuss the possible dark matter candidates within a given model, if any, without extending the minimal particle content.
Introduction
The Standard Model (SM) of particle physics has been a very successful theory to explain the observed universe at the microscopic level. Despite its great triumph, the SM is unable to explain several observed phenomena, among them, the observation of neutrino oscillations is considered to be the biggest drawback of the SM. Neutrinos are still the least understood of all the fundamental particles discovered so far. The origin of the neutrino oscillations must be linked to new physics beyond the SM (BSM), hence finding the mechanism responsible for neutrino mass generation is of greatest importance. However, to attempt to find a mechanism behind the neutrino mass, the first obstacle the theorists encounter is the unknown nature of the neutrinos. In principle, neutrinos can be Majorana or Dirac type in nature, with no theoretical preference toward either of the possibilities. Most of the proposals in the literature assume that neutrinos are Majorana 1 in nature, whereas mass generation mechanisms for Dirac 2 type neutrinos are less studied and deserve further attention. In the last several years, there have been growing interests 3 in model building, assuming Dirac nature of the neutrinos. 1 Implementation of seesaw mechanisms for generating Majorana neutrino masses are proposed in Refs. [1] [2] [3] [4] [5] [6] [7] and radiative mass models for Majorana neutrinos are introduced in Refs. [8] [9] [10] [11] [12] . For a recent review on Majorana neutrino mass models see Ref. [13] . 2 The first radiative neutrino mass model was proposed in Ref. [14] , assuming Dirac nature for the neutrinos. 3 For construction of Dirac neutrino mass models by employing seesaw mechanisms see for example Refs.
[ [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] . For works on radiative Dirac neutrino mass models see for example Refs. .
If neutrinos are Dirac particles, the theory must contain the right-handed neutrinos ν R , which are singlets under the SM. As a result, one can write down the following d = 4 renormalizable term in the Lagrangian: (1.1) here, L = (ν L − L ) T is the SM lepton doublet, H = (H + H 0 ) T is the SM Higgs doublet, H = H * ( is the 2-index Levicivita tensor) and i, j = 1 − 3 correspond to generation indices. Note that when the electroweak (EW) symmetry is spontaneously broken by the vacuum expectation value (VEV) of H, the d = 4 term given in Eq. (1.1) gives Dirac mass to the neutrinos at the tree-level. However, from the neutrino oscillation data, this demands that the associated Yukawa couplings must be extremely small, y ν ∼ O(10 −11 ). Due to this small Yukawa couplings, this possibility is expected not to be natural [60] . Instead, it is aesthetically attractive, to generate Dirac mass for the neutrinos radiatively that allows natural values of the Yukawa coupling as a result of the loop suppression. Implementation of such a mechanism requires additional symmetries BSM to forbid the tree-level mass term given in Eq. (1.1), as well as Majorana neutrino mass terms at all orders. In principle, this additional symmetry can be discrete or continuous, global or local in nature. In the literature, many different symmetries are considered to forbid these unwanted mass terms.
Though many of the works assume global symmetries to prohibit undesirable terms, from the theoretical grounds, introducing a local symmetry is more appealing. It is because the local symmetries are known to be respected by gravitational interactions [61] [62] [63] [64] [65] , whereas global symmetries are not. Motivated by this feature of local symmetries, in this work we extend the SM with gauged U (1) B−L symmetry [66] [67] [68] [69] . Here B and L correspond to baryon and lepton numbers respectively. The introduced U (1) B−L symmetry not only serves the purpose of forbidding the aforementioned unwanted terms, but also it offers a rich phenomenology and is considered as one of the most economical gauge extensions of the SM. However, in this work we do not focus on the associated phenomenology that are well studied in the literature 4 , rather focus on neutrino mass generation mechanisms utilizing U (1) B−L symmetry. It should be pointed out that the results of this work remain unchanged regardless of the nature (global or local) of this symmetry.
It is well known that U (1) B−L gauge extension of the SM with three right-handed neutrinos is anomaly free. Between two possible anomaly free B − L charge assignments [71] [72] [73] of the right-handed neutrinos: ν R 1,2,3 = {−1, −1, −1} and ν R 1,2,3 = {5, −4, −4}, only the latter is able to serve our purpose. Hence we adopt the second solution in this work. Consequently, the d = 4 term of Eq. (1.1) is forbidden, and we consider the following d = 5 effective operator for neutrino mass generation:
here, the neutral scalar σ is a singlet under the SM and we assign it three units of B − L charge, as a result, h i1 = 0. The quantum numbers of all the SM particles, the right-handed neutrinos, and the scalar singlet σ under SM×U (1) B−L are listed in Table 1 .
Leptons Li(1, 2, − 1 2 , −1) Ri(1, 1, −1, −1) νR i (1, 1, 0, {5, −4, −4})
Higgs
H(1, 2, 1 2 , 0) σ(1, 1, 0, 3) Table 1 : Quantum numbers of the SM particles, the right-handed neutrinos and the singlet scalar σ.
In this work, we aim to systematically search for the minimal models to generate Dirac neutrino mass radiatively by utilizing the d = 5 effective operator given in Eq. (1.2). We construct generic topologies emerging from this d = 5 operator at the one-loop and twoloop levels and, build the associated minimal models. Whereas, only a few of these models resulting from our comprehensive systematic construction exist in the literature, however, most of the models presented in this work are new. Minimal one-loop and two-loop models resulting from our exhaustive search to be discussed at length are summarized in Tables 2, 3, 4 and 5. Whereas a systematic classification of Majorana neutrino mass mechanisms and identifying minimal models are extensively discussed in the literature [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] , similar analysis for the case of Dirac neutrinos are still lacking. Along this direction, some recent attempts are taken: a systematic classification of tree-level and one-loop mass mechanisms at d = 4 [84] , d = 5 [85, 86] , d = 6 [87, 88] , two-loop mass models at d = 4 [84, 89] , selecting minimal models at one-loop [49] and identifying simplest models at one-loop, two-loop and three-loop [53] are considered.
In our search strategy, minimality refers to finding a model among many different possibilities such that it has the following features:
• It consists of minimum number of BSM states.
• SU (2) L singlet BSM states are preferred. If BSM particles are required not to be iso-singlets, then we minimize the number of states that are charged under SU (2) L .
• If a particle is charged under SU (2) L , then the lowest dimensional representation is preferred. We impose the same rule in scenarios, where a particle carry SU (3) C charge.
• If possible, introduction of any BSM fermion is prohibited.
• For a model, where the presence of BSM fermionic state is required, we assume it to be vector-like under SM×U (1) B−L so that it does not alter the aforementioned anomaly-free conditions.
Moreover, whenever fermionic extension is required, we always assume it comes with three generations and Dirac type in nature. When building a one-loop model, for the neutrinos it must not contain any tree-level mass term, and similarly, for a two-loop model, both tree-level and one-loop diagrams must be absent. A model can only be called a true model, once these criteria are met. Here we point out that, in this set-up, due to non-universal charge assignment of the right-handed neutrinos, one of the neutrinos will always remain massless, which however is completely consistent with neutrino oscillation data. Whereas by further extension of each of the models can accommodate non-zero mass for all the neutrino states, and can be done straightforwardly, for the sake of minimality we do not discuss such possibilities here. In identifying minimal models emerging from generic one-loop and two-loop topologies, we first construct models by employing BSM fields that do not carry any color. Then we extend our search involving colored particles as well. By explicit construction, we demonstrate that for some of the models with colored particles in the loop, an analogous version with color-singlet states does not exist, or vice versa. For the desired neutrino mass mechanism to realize, we employ scalar leptoquarks, di-quarks and colored fermions depending on the specific model. Some of these colored particles appear in various BSM theories such as grand unified theories 5 (GUTs) [93] [94] [95] [96] [97] [98] , technicolor models [99] [100] [101] , other compositeness scenarios [102] , R-parity violating supersymmetric models [103] , and dark matter models [104] . Utilization of the colored particles in building Majorana neutrino masses are extensively considered by extending the particle content of the SM, see for example Refs. [13, 105] . Colored particles have also received further attention in view of the possibilities to explain certain striking discrepancies observed in the flavor sector. Models with scalar leptoquarks can explain the discrepancies observed mostly in rare decay modes of B mesons by various experimental collaborations, like Belle, LHCb and BaBar. However, there is no literature where colored scalars and/or fermions are introduced in the context of Dirac neutrino mass generation mechanism. For the first time, we are presenting radiative models where colored particles, especially leptoquarks are employed to generate tiny Dirac neutrino masses. The discovery of the leptoquarks would be an unambiguous signal of this kind of BSM physics and hence, various searches for such particles were conducted in the past experiments and the hunt is still ongoing at the current collider experiments.
Furthermore, for all minimal models proposed in this work, we investigate possibilities of the existence of dark matter (DM) candidates within the working framework, without extending the minimal particle content. Our analysis shows that for majority of the proposed models, the presence of the DM particles can arise naturally due to the appearance of residual dark symmetry resulting from spontaneously broken U (1) B−L group. Hence, these models can explain two seemingly uncorrelated phenomena, the origin of neutrino mass and observed DM in the universe, under the same umbrella.
The paper is organized as follows. In Section 2, we scrutinize the possible one-loop topologies and construct the minimal Dirac neutrino mass models emerging from them. In Section 3, we investigate the two-loop possibilities and build the associated economical Dirac neutrino mass models from the generic topologies. We also investigate the possible dark matter candidates within the minimal one-loop and two-loop models in section 4. 5 For the origin of neutrino mass from simple GUTs, see for example Refs. [90] [91] [92] .
-4 -Finally we conclude in Section 5.
Search for minimal one-loop models
In this section, we systematically build minimal one-loop models in the framework introduced in Sec. 1. First, we discuss the procedure of selecting relevant topologies from which minimal models can be constructed.
Generic topologies, nomenclature and adopting viable topologies
Let us first define our convention. In this work, we denote each of the one-loop topologies by T1-x, where 1 unambiguously stands for one-loop and x (x= i, ii, iii, ...) is used to differentiate among the different possible topologies. From each of these topologies, specifying the Lorentz structure can lead to multiple diagrams. If there exist more than one diagram within a fixed topology T1-x, we label them as T1-x-y (with y= 1, 2, 3, ...) and furthermore, associated with a diagram T1-x-y, since multiple models can be fabricated by varying the quantum numbers of the internal particles, we name model diagrams as T1-x-y-z (where z=A, B, C, ...). That is, a topology T1-x does not contain the Lorentz nature, whereas a diagram, T1-x-y is formed from a topology by specifying the Lorentz nature of the propagators. Furthermore, from a diagram T1-x-y, we construct specific models by assigning quantum numbers of each of the particles within the diagram and call them model diagrams T1-x-y-z. Whereas, the number of topologies and diagrams are finite, but infinite number of model diagrams can be generated starting from a fixed topology. However, we only focus on identifying the most economical model diagrams emerging from each individual topology. Without further ado, we now conduct a systematic search to find minimal one-loop models. Following the diagrammatic approach, one can find out all possible one-loop topologies associated with four external legs [77] , which are listed in Fig. 1 after discarding the self-energy-like diagrams. However, not all the topologies listed in Fig. 1 can lead to successful one-loop neutrino masses due to various reasons to be discussed below. First, note that in our scenario, two of the external legs must be fermions for any of the topologies listed above. As a result, the topology T1-vi, corresponds to non-renormalizable operator, hence we eliminate it immediately. Till now the Lorentz nature of each line is not specified. To proceed further we specify the spinor and scalar nature of the propagators. First, we focus on the T1-iii topology, which leads to six different diagrams that can be categorized as: (a) diagram with all three internal fermion (or scalar) propagators, (b) diagram with two internal fermion propagators, (c) diagram where only one of the three internal states is a fermion. All these six possible diagrams are presented in Fig. 2 . From these diagrams, one immediately sees that T1-iii-y with y=1-4, all contain the same scalar φ attached to the external fermion (scalar) lines in diagrams T1-iii-1,2 (T1-iii-3,4). In all these models, regardless of the other particles circulating in the loop, the quantum number of this scalar is uniquely fixed to be φ(1, 2, − 1 2 , 3) by either the external fermion or scalar fields. As a result, in the Lagrangian, a cubic term of the form L ⊃ Hφ σ * ⊃ H 0 φ 0 σ 0 * is allowed, which leads to an induced VEV of the neutral component of φ after both the U (1) B−L and EW symmetries are broken. Consequently, neutrinos receive a tree-level mass from the d = 4 renormalizable term: L ⊃ y Lφν R that is invariant under the entire gauge symmetry, SM×U (1) B−L . Hence we discard these four 6 diagrams T1-iii-y with y=1-4.
Before discussing the T1-iii-5,6 possibilities, here we leave a brief remark cornering topologies T1-iv,v. For these topologies to provide renormalizable models, the lower two external particles must be fermions. In such a scenario, it is now straightforward from the above discussion to realize that constructing models out of these two topologies demand the same scalar field φ(1, 2, −1/2, 3), hence generate neutrino mass at tree-level and fail to qualify to be a true radiative model.
Let us now discuss the second last diagram T1-iii-5 listed in Fig. 2 . From this, different variations of diagrams can be constructed by swapping the external Higgs doublet and singlet which are presented in Fig. 3 . It is straightforward to try to build models associated with each of these four types of diagrams. However, here we show that none of these diagrams leads to any successful radiative model. To get an understanding, first, consider the T1-iii-5-A model diagram. From the leftmost vertex, the quantum number of the fermion fields ψ 1L,R is automatically fixed to be (1, 1, 0, −1), without specifying the quantum numbers of the rest of the particles in the loop. Introduction of such a fermion leads to the following terms in the Lagrangian:
The existence of these terms is responsible to give tree-level mass to the neutrinos via Dirac seesaw as shown in Fig. 4 (left diagram). It is not difficult to see that the model diagram T1-iii-5-B demands the existence of a fermion ψ 1 ∼ (1, 2, − 1 2 , −4), which allows the following terms in the Lagrangian:
Hence, also leads to tree-level Dirac seesaw as demonstrated in Fig. 4 (right diagram). Following similar arguments, diagrams T1-iii-5-C and T1-iii-5-D must also be discarded. The same conclusion can be reached for T1-iii-6 diagram as shown in Fig. 2 .
Search for minimal one-loop models without colored particles
From the aforementioned elaborated discussion, we exclude topologies T1-iii,iv,v,vi and in the following build successful minimal models arising from the remaining two topologies, T1-i and T1-ii. Affiliated with topology T1-i, there are three different diagrams corresponding to three different Lorentz structures that we denote by T1-i-1,2,3. Within each of these diagrams, interchanging the two external scalar legs gives two distinct possibilities. Altogether these six possible diagrams are presented in Fig. 5 along with the unique diagram arising from T1-ii topology. Below, we fabricate economical models from these seven diagrams. Quantum numbers of all the particles associated with each of these models are summarized in Table 2 . Table 2 . Notation: the color-blind scalars η and φ are assumed to be singlet and doublet under SU (2) L .
T1-i-1-A:
It is pointed out in Ref. [53] that the most economical model at the one-loop for Dirac neutrino mass in the framework we are working is associated with the T1-i-1-A model diagram. This minimal model consists of only two additional singly charged scalars that are iso-singlets and carry non-zero B − L charges: η 1 (1, 1, 1, 2) and η 2 (1, 1, 1, 5). One of the main reasons T1-i-1-A is the simplest among the rest of the one-loop models is, neither any exotic fermion beyond the SM nor any scalar charged under SU (2) L needs to be introduced.
The difference between the T1-i-1-A and T1-i-1-B/C model diagrams is just the swapping of the H and σ scalars. Since, σ is now attached to the internal fermion line instead of the scalar line, more possibilities open up. The most economical models that can be built out of these, require a pair of vector-like Dirac fermions ψ L,R ∼ (1, 1, Y, α) in addition to two scalars. In T1-i-1-B model diagram, since one of the internal fermions is R , one requires Y = −1 and α = −4. As a result, one of the BSM scalars must be a singly charged state and the other an iso-doublet with 3/2 hypercharge. However, it should be kept in mind that such a model (T1-i-1-B) is somewhat phenomenologically constrained. The reason is, it requires the fermionic state ψ L,R ∼ (1, 1, −1, −4) and contains the following terms in he Lagrangian:
When U (1) B−L and EW symmetries are broken, these terms lead to 6 × 6 mass matrix for the SM leptons and the vector-like leptons. The mixing among these fields must be small to satisfy all the collider constraints provided that ψ has mass ∼ O(TeV), which requires the off-diagonal Yukawa couplings y, y to be small in Eq. (2.3).
On the other hand, if only the BSM fermion is inside the loop, then the vertex ψ R ψ R σ * associated with the model diagram T1-i-1-C demands Y = 0 and α = 3/2. Consequently, one of the BSM Higgs is SM singlet and the second one is SM like Higgs doublet with non-zero B − L charge. Quantum numbers corresponding to T1-i-1-B/C model diagrams are written down in Table 2 and the associated Feynman diagrams are presented in Fig. 5 .
The minimal models that are built from T1-i-2-A and T1-i-2-B both require extension by one pair of fermions ψ L,R (1, 1, Y, α) along with three scalars. The corresponding models presented in Table 2 show that among the three scalars, the former model contains two singlets and one iso-doublet, whereas, the latter model consists of two iso-doublets and a singlet, all carrying non-zero B − L charge. Note that for T1-i-2-A and T1-i-2-B model diagrams, if Y = 0 then α = −1 must be realized, otherwise they lead to tree-level Dirac seesaw to generate neutrino mass. Also to avoid direct tree-level mass term for the case of T1-i-2-A (T1-i-2-B), if Y = −1 or Y = 0 then α = −7, −5, 2, 5 (α = −10, −7, −1, 2) must be satisfied to forbid the induced VEV of the multiplet φ.
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T1-i-3-A/B:
To build viable models out of T1-i-3-A one needs a pair of BSM fermions ψ ∼ (1, 1, −1, 2) and a singly charged scalar (1, 1, 1, 2). Whereas, this model is very economical, but the viability of the T1-i-3-B model diagram, obtained by flipping H with σ requires two pairs of fermions: an iso-singlet ψ 1 (1, 1, 0, 3/2) and an iso-doublet ψ 2 (1, 2, 1/2, −3/2) along with a scalar doublet φ(1, 2, 1/2, 5/2).
T1-ii-1-A:
The last in our list for the one-loop models is the one derived from T1-ii topology, which is unique in structure since, interchanging the two external Higgs lines do not lead to different possibilities. The associated model diagram T1-ii-1-A is presented in Fig. 5 . The minimal model constructed from this diagram requires an iso-doublet scalar, an iso-singlet scalar and a pair of iso-singlet fermions ψ ∼ (1, 1, Y, α) listed in Table 2 . Here, to avoid any direct mass term between the left-handed and the right-handed neutrinos, for Y = −1, α = 2 must be realized. Furthermore, to forbid tree-level Dirac seesaw, if Y = 0, α = −1 constraint must be imposed as well.
At this point, it is important to note that any model that is built from diagram T1-i-2 will always lead to a second Feynman diagram which is exactly the same as T1-ii-1, even though these two sets of diagrams originate from completely different topologies. From Fig.  5 one sees that in diagram T1-i-2, removing the scalar that is propagating in between the two scalar cubic vertices immediately gives a second diagram which is the same as T1-i-2. In this sense, unlike the rest of the models presented here, models emerging from T1-i-2-A,B diagrams cannot be considered as genuine and, we refer these two as non-genuine model diagrams. Here non-genuinity does not refer to one-loop to tree-level reduction.
Search for minimal one-loop models with colored particles
As discussed in Sec. 1, we also include colored particles in our search. In this section, we build the minimal models with BSM states running in the loop that are charged under SU (3) C . Following the above discussions, here we only consider the topologies that can provide viable models. Whereas it is straightforward to build the associated colored versions of the models, however, for some of the cases, models with and without colored particles differ in structure. Here we very briefly discuss the models and point out the differences when required. Successful minimal model diagrams with colored particles are presented in Fig. 6 and their quantum numbers are listed in Table 3 . To distinguish these models, we label the model diagrams by T1-x-y-z(C), here C in the parentheses is put to differentiate models with colored particles, compared to models with color singlets.
The model diagram T1-i-1-A(C) is straightforwardly obtained from T1-i-1-A by replacing the two singly charged scalars η 1 (1, 1, 1, 2) +η 2 (1, 1, 1, 5) by two scalar leptoquarks χ 1 (3, 1, 1/3, 2/3) +χ 2 (3, 1, 1/3, 11/3). This choice is uniquely fixed by making the replacements: L ↔ Q L and R ↔ d R inside loop in T1-i-1-A to obtain T1-i-1-A(C). Just like T1-i-1-A, this model again can be considered as the most minimal radiative Dirac neutrino mass model with colored particles. Note that a straightforward variation of T1-i-1-A(C), is the interchange Q L ↔ d R , which gives rise to the model diagram T1-i-1-B(C). It is worthwhile to mention that no such analogous model with color singlets exists. It is due to fact that L ↔ R exchange would give rise to a model which would automatically permit treelevel mass for neutrinos. Even though the model associated to T1-i-1-B(C) also contains only two scalar leptoquarks, but is less economical compared to T1-i-1-A(C) in the sense that both these leptoquarks are in the fundamental representation of SU (2) L . However, both these models are very economical since, no BSM fermionic extension is required.
Two different colored version models can be constructed that are analogous to T1-i-1-B by replacing R ↔ d R (T1-i-1-C(C)) and R ↔ u R (T1-i-1-D(C)) respectively. As noted above, the T1-i-1-B model is phenomenologically somewhat constraining, the same argument follows for T1-i-1-C(C) and T1-i-1-D(C) due to the mixing of the SM fermions with BSM fermionic states. Note however that analogous to T1-i-1-C model diagram with color singlet states, no such colored version model can be constructed with a single pair of BSM fermionic states.
As already pointed out, models fabricated from diagram T1-i-2 are non-genuine and always contain a second diagram which is exactly the same as T1-ii-1 that emerge from a completely different topology and more economical in nature. Allowing color non-singlet states do not alter this fact. Colored version of these models can be straightforwardly built by following the corresponding discussions of the associated models with color singlets.
Whereas the colored extension of T1-i-3-A(C) from T1-i-3-A is straightforward, construction of T1-i-3-B(C) deserves further explanation. As aforementioned, the model built out of T1-i-3-B requires the introduction of two pairs of BSM fermions. It is interesting to note that, the associated colored version, T1-i-3-B(C) is comparatively economical as implementation of this minimal model diagram can be done with just one pair BSM fermions ψ ∼ (3, 1, −1/3, 10/3). Besides this fermion, just one more BSM Higgs is employed to complete the loop. For more details on these models see Fig. 6 and Table 3 .
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- Table 2 . Notation: the scalars, χ and Ω charged under the color group are assumed to be SU (2) L singlet and doublet, respectively.
Search for minimal two-loop models
In the previous section, we have systematically built the minimal one-loop Dirac neutrino mass models within our framework. In this section, our goal is to implement a similar methodology to select the minimal two-loop models.
Generic topologies, nomenclature and selecting viable skeleton diagrams
Following a similar diagrammatic approach as before, all possible two-loop topologies with four external legs can be identified. Excluding the tadpole diagrams, one-particle-reducible two-loop topologies and by removing the topologies involving self-energies in the external legs, in total 29 distinct possibilities are identified in Ref. [79] and for completeness we present them in Fig. 7 . In this list, the last 11 of them correspond to non-renormalizable topologies, hence must be discarded immediately. While dealing with the remaining 18 two-loop topologies, the number of possible diagrams emerging as a result of specifying the spinors and scalars is quite large compared to the one-loop scenario. Furthermore, when all different swapping of the external legs are also taken into account, a vast number of diagrams appear within our framework because, unlike the Majorana scenario, two of the external fermions are not identical anymore. The same thing is also true for the two external scalar legs, they are not identical. The appearance of the immense number of diagrams is also partly because of the singlet nature of one of the external scalars, which has more freedom to be attached with the internal propagators. In the following, we will demonstrate this by providing explicit examples. Interestingly, all these topologies can be reduced to only six basic diagrams once the external scalar legs are suppressed [79, 89] . To make our analysis more tractable, instead of starting from each of these 18 possible renormalizable topologies of Fig. 7 , we focus on the set of these six basic diagrams derived from the generic two-loop topologies. These are the general diagrams resulting from removing the external scalar legs, and we call them the skeleton diagrams, which within our working framework have the structures as shown in Fig. 8 . However, each of these skeleton diagrams may lead to quite a few numbers of viable diagrams depending on how the external scalar legs are attached, which makes the analysis of the two-loop models somewhat tedious compared to one-loop case. So the way we proceed is, we start with each of the skeleton diagrams given in Fig. 8 , and systematically identify only the most economical model diagram by following our minimality principles as aforementioned. Below we discuss how this filtering process is done at length. The convention we follow is: each of the skeleton diagrams given in Fig. 8 is labelled with T2-x. Here 2 represents two-loop for obvious reason and x= i -vi to differentiate among the skeleton diagrams from each other. As mentioned above, each of these skeleton diagrams can lead to multiple diagrams after inserting the external scalar legs that we denote by T2-x-y (with y=1, 2, 3, ...). Furthermore, models that are built from a diagram T2-x-y will be named as T2-x-y-z (where z=A, B, C, ...), that is T2-x-y-z represents a model diagram where the quantum number of all the particles are specified. If the internal particles carry color charge, the model diagram will be named T2-x-y-z(C), here C in the parentheses represents color.
Search for minimal two-loop models without colored particles
We now proceed to build the associated minimal models from each of the skeleton diagrams.
T2-i-y-A:
First, we consider the T2-i skeleton diagram from Fig. 8 and systemically construct all possible diagrams emerging from it and provide our arguments in singling out the most economical model diagram. Note that there are six different ways the SM Higgs doublet H can be connected with the internal propagators. Furthermore, corresponding to each of these six cases, the scalar singlet, σ can be attached in multiple different ways. By repeating this process for all of these six scenarios, we end up with a total of 43 viable diagrams, T2-i-y (y=1-43) as explicitly demonstrated in Fig. 9 . In each of these figures, the gray-colored dots represent the different ways of linking σ to the internal propagators. Each of these different possibilities corresponds to a distinct model. As aforementioned, we are not going to search for models corresponding to each of these diagrams, rather our focus is to pick the most minimal model diagram originating from T2-i. Going toward this direction, we immediately discard 22 viable diagrams T2-i-y with y= 7-8, 12-13, 20-21, 28-29, 34-36, 41-43. The reason is that to build a model from each of these diagrams, requires the introduction of BSM fermions and does not fall into the minimal category. For the rest of the diagrams, in search for finding the minimal model, we fix the internal fermions to be R , consequently, 7 of the diagrams T2-i-y with y= 2-6 and 10-11, require a second Higgs doublet (with non-zero B − L charge), rest of the diagrams demand more number of scalar iso-doublets for the completion of the loops, hence do not satisfy our minimality postulates. For these remaining 7 diagrams, we select the models with a minimum number of additional scalars on top of the second iso-doublet, and once this counting is done, we construct the associated explicit model diagrams. Only three of the model diagrams pass our minimality axioms, which are T2-i-2,4,11 and are shown in Fig. 10 . Besides the second iso-doublet, the models associated with T2-i-2,4 (T2-i-11) composed of two singly (doubly) charged and a doubly (singly) charged scalars. For the complete quantum numbers of these particles, see Table 4 .
From the exercise done above, one can understand that finding the minimal model starting from a certain skeleton diagram can be a bit tedious process. Following the same procedure for the rest of the skeleton diagrams presented in Fig. 8 , we summarize the most economical models in Table 4 . In the following, we briefly discuss this systematic analysis in search of the minimal models for the rest of the skeleton diagrams.
T2-ii-1/2-A:
Now consider the skeleton diagram T2-ii. Just like the previous example, it is not difficult to see that there are many different ways for the H and σ fields to be attached with the particles running in the loop. Instead of presenting all these possible ways of realizing two-loop neutrino mass models arising from the T2-ii skeleton diagram, we only limit ourselves to the scenario which is the most economical. For the sake of minimality, we choose to insert the SM Higgs doublet in the internal fermion line which is closest to the external L leg. As a result, only BSM iso-singlet representations can be employed to complete the loop diagram, hence satisfies our minimality constraints. Furthermore, to reduce the number of additional scalars, we attach the singlet Higgs σ with one of the internal fermion lines, which however, does not increase the number of required BSM fermion multiplets. The first model (labelled by T2-ii-1-A) we manufacture here is by attaching σ to the fermion propagator that is closest to ν R external leg. With these choices, one needs two pairs of additional iso-singlet fermions and two BSM iso-singlet scalars to complete the loop diagram. A slight variation of this model can be made (labelled by T2ii-2-A) by inserting σ in the internal fermion line which is not connected to either of the external fermion legs. The associated model diagrams are presented in Fig. 10 and the quantum numbers of all the needed particles are listed in Table 4 .
T2-iii-1-A:
To build an economical model from skeleton diagram T2-iii, where different variations of the scalar field insertions are again available, one can follow the arguments that are not very different from the previous models constructed. To aim to find the minimal model, in this particular scenario, we attach the SM Higgs doublet with the internal fermion line 7 that is closest to the incoming L field. As a result, no BSM scalar doublet needs to be employed in this construction. Furthermore, we connect the external singlet scalar with the inner scalar loop as shown in Fig. 10 . This choice of inserting the external scalar fields guarantees the requirement of minimum number of scalar and fermion states, as well as demands only iso-singlet states. Looking at the details of the quantum numbers of the particle contents of this model listed in Table 4 , one finds that for Y = 0, α = −1 and α = −7, 4 must be imposed to avoid tree-level Dirac seesaw and one-loop reduction respectively. Table 4 . Notation: the color-blind scalars η and φ are assumed to be singlet and doublet under SU (2) L .
T2-iv-1-A:
Here we discuss the skeleton diagram T2-iv. It will be shown that the skeleton diagrams T2-x, with x=iv-vi are very special in nature and share some common features. Building models out of these three cases are very much constraining due to the special nature. First, we discuss the construction of T2-iv in more detail, the analogous arguments can be used to build models from T2-v,vi.
The only viable type of model diagrams that can be formed out of T2-iv must contain the effective scalar vertex of the form HHη (with η ∼ (1, 1, −1) under the SM) as shown in see Fig. 11 , here the blob must contain a loop to qualify to be a true two-loop model. The reason for this requirement is, if instead two different Higgs doublets (H and φ) are allowed to form this vertex, then the loop contained in the blob immediately reduces to a tree-vertex of the form Hφη, hence becomes a one-loop model. On the other hand, if the same SM Higgs is playing the role, then the tree-level vertex automatically vanishes as a result of the antisymmetric property of the term L ⊃ µH Hη − . Hence, loop to tree-level vertex reduction is not allowed as demonstrated in Fig. 11 . With this restriction, still, there are freedoms to attach the external H with the internal particles contained by the blob. To reduce the number of required additional iso-doublets, we make use of a quartic coupling that consists of external H and internal η with two more BSM scalars as shown in Fig 12-a . Moreover, we have not used the freedom of inserting σ yet, which in fact can be done in four different ways as depicted in Fig. 12-a, T2 -iv-y, with y=1-4. Out of these four choices, y=1 certainly requires the minimum number of additional scalars which is just two. Consequently, we only consider this economical choice and discard the rest of the possibilities. Between these two scalars, one of them is an iso-doublet with non-zero B − L charge φ ∼ (1, 2, Y, α) . Note that as aforementioned, if Y = −1/2, α = 3 must be realized to forbid direct mass term for neutrinos at the tree-level. In addition to the scalars, these models require a pair of vector-like Dirac fermions having similar quantum numbers as the e c under the SM, hence these fermions need to have a mass of order O(TeV) or higher to be consistent with phenomenological observation as mentioned above. 
T2-v-1-A:
The above arguments can be repeated for fabricating models from the T2-v skeleton diagram. Even though for this scenario, there is no freedom in inserting external H leg, however, a limited number of freedom is still available associated with σ, which are demonstrated in Fig. 12-b . Out of these four scenarios, we pick T2-v-2 to build the most economical model which is presented in Fig. 10 and the quantum numbers of all the needed particles are listed in Table 4 .
T2-vi-3-A:
The last in our list is the T2-vi skeleton diagram, which requires quite a few BSM fermions to complete the loop diagram. Unlike T2-iv, no such quartic scalar vertex is allowed here, hence there is no freedom in connecting H. Though, there are four different ways one can attach σ as depicted in Fig. 12 -c, minimality corresponds to T2-vi-3 realization. This choice requires four BM fermions and a singly charged scalar, for details see Table 4 .
Even though T2-x (x=iv-vi) diagrams appear to provide divergent loop integrals, but it is not the case. The reason is, when the term H H is broken down to its component fields, two same terms emerge with opposite sign, removing the divergences from the difference diagrams resulting in finite neutrino mass, for details see Ref. [79] . Consequently, models arising from T2-iv,v,vi are very special in nature.
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Search for minimal two-loop models with colored particles
In this section, we carry out our search for finding minimal two-loop models from various topologies introduced above by employing colored particles in the internal lines.
T2-i-y-A/B/C(C):
We start with the T2-i skeleton diagram as shown in Fig. 8 . As already explained above, this leads to 43 diagrams T2-i-y (y=1-43) presented in Fig. 9 , out of which, we have identified 3 minimal candidate models for the scenario with color singlet states. The case with colored particles running in the loops is somewhat different and without introducing any new fermions, we find 9 candidates. Two such cases are built out of T2-i-2 diagram, where the internal fermions are either d R or u R (which are labelled as T2-i-A(C) and T2-i-2-B(C)). The same thing can be repeated for both T2-i-4 and T2-i-11, resulting in another 4 more minimal models (labelled as T2-i-4-A/B(C) and T2-i-11-A/B(C)). On the contrary, when the internal fermion line is taken to be Q L instead of either d R or u R , in addition to T2-i-11, two more different models can be fabricated out of T2-i-15 and T2-i-17 diagrams that also do not require any fermions BSM. All these 9 different models are presented in Fig.  13 and their particle contents are summarized in Table 4 . Note that in these models, the scalars carrying colors are triplets (or anti-triplets), which is in fact, the lowest dimensional representation under SU (3) C .
One can immediately construct variations of these models by replacing the color antitriplet χ 3 in T2-i-y-z(C) (y=2,4,11, z=A,B) and the color anti-triplet χ 2 in T2-i-y-z(C) (y=11, z=A,B) by SU (3) C sextets, which however are not listed in Table 5 due to our minimality arguments. Similar variation can be done for T2-i-11-C(C) by replacing the color triplets χ 2,3 by color sextets and in T2-i-y-z(C) (with y=15,17 and z=A) by replacing the color triplet χ 3 by a color sextet.
T2-ii-1-A(C) & T2-iii-1-A(C):
Colored extension of models arising from T2-ii and T2-iii skeleton diagrams can be done straightforwardly following the discussions presented above for models with color singlet states. To do so, L and R in T2-ii-1-A are replaced by Q L and d R that results in T2-ii-1-A(C) model diagram. Subsequently, the rest of the internal particles must carry color (color triplets or anti-triplets). Similarly, in T2-iii-1-A, L ↔ Q L and R ↔ d R replacements are made in the internal fermion line adjacent to the incoming L line. As already pointed out, due to the chosen SM Higgs insertion 8 , this model does not require any BSM scalar doublet. Completion of this model diagram is made by utilizing three BSM colored triplet scalars and two colored triplet fermions, which are all iso-singlets. See Fig. 13 and Table 5 for more details.
Note that if the color anti-triplets ψ 1 , χ 2,3 are replaced by color triplets in T2-ii-1-A(C), then a variation of this model can be constructed with ψ 2 being octet under SU (3) C . A 8 It is noteworthy to mention that attaching H at the outer scalar loop would require a colored triplet scalar which is an iso-doublet. By inserting H in this manner, two separate next-to-minimal models can be constructed depending on whether dR or uR is running in the internal fermion propagator adjacent to incoming L. However, we do not list these scenarios since they do not qualify to be the most minimal models. similar variant model can emerge from T2-iii-1-A(C) if χ 2,3 be the color triplets instead and ψ 2 being color octet under SU (3) C .
T2-iv-1-A(C) & T2-v-2-A(C):
The fabrication process of T2-iv and T2-v are discussed at length in the previous section. It is pointed out that two of the internal scalar propagators connected to the fermions must be H and η, no other variation can be made to construct a viable two-loop model out of these skeleton diagrams. Due to this special property, the only two scalars that can carry color quantum numbers are χ and ω, as shown in Fig. 13 . To satisfy the minimality conditions, these fields are chosen to be color triplets, see Table 5 for the complete quantum numbers of all the states associated to these models.
T2-vi-4-A(C):
Note that, for the scenario with color singlets, the minimal model is constructed out of T2-vi-3 diagram ( Fig. 12) , whereas, if particles carrying colors are allowed, no such vertex of the type ψψσ is allowed, since it cannot be invariant under SU (3) C . This can only be done if two different fermions are used to form this vertex, hence fails to be minimal. Instead, we build the minimal model by making use of T2-vi-4 diagram (instead of T2-vi-3, see Fig. 12 ), which requires two singly charged scalars (instead of one), but the same number of BSM fermions as before. For minimality, three of the fermions that are allowed to carry color charge are taken to be triplets (or anti-triplets) under SU (3) C . See Table 5 for more details.
Possible dark matter candidates
To generate neutrino mass, new particles must be added to the theory and we have presented many such examples in the previous two sections. From the theoretical point of view, it is very appealing, if the added particles needed to generate neutrino mass can also serve as DM candidates. Though our main focus of this work is to select minimal models of Dirac neutrino mass arising from generic one-loop and two-loop topologies constructed from the d = 5 effective operator of Eq. (1.2), in this section, we investigate the possibilities of having DM particles within these minimal scenarios. Since a DM particle cannot carry color, so we only concentrate on the models, where color singlet states are employed to generate neutrino mass.
In radiative neutrino mass models, DM particles can be incorporated, if additional symmetries beyond the SM are imposed. This idea was first proposed in Ref. [12] for Majorana neutrinos and known as scotogenic model. It was shown that a simple application of Z 2 symmetry does the job, as long as, only BSM particles are circulating inside the loop. This Z 2 symmetry must remain unbroken even after the breaking of EW symmetry.
In the framework we are working, the spontaneously broken U (1) B−L symmetry, may leave a residual unbroken symmetry that can potentially stabilize the DM particle. The nature of the unbroken residual symmetry U (1) B−L → Z N depends on the details of the B − L charge assignments of the scalars. In our set-up, since, the SM Higgs doublet H
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Residual lepton symmetry
Residual dark symmetry Choice of Y Possible DM candidate Table 6 : As an example, in this table, for models with undetermined α, we take α = n/2, where n is an odd integer.
is neutral under U (1) B−L , the nature of the unbroken symmetry is entirely determined by the charge of the singlet scalar σ. In scenarios, where all the particles carry integer B − L charge, then U (1) B−L → Z 3 is realized because, σ carries three units of B − L charge. Models with N = 3, cannot stabilize the DM particle, if any, by the residual symmetry. We find that three out of eight one-loop models (see Table 6 ) and three out of nine twoloop models (see Table 7 ) have the Z 3 residual lepton symmetry, and consequently, no DM particle.
On the contrary, in models where any of the particles is carrying a half-odd-integer B−L charge, the rescaled charge of σ must be 6, hence the unbroken symmetry is U (1) B−L → Z 6 instead of Z 3 . In these models, this unbroken Z 6 plays the role of residual dark symmetry, hence stabilizes the DM candidates. Most of the models presented in this work, permit such a choice of half-odd-integer B − L charge and, consequently, naturally incorporates DM within the minimal set-up without the need of extending the particle content any further. It is interesting to note that in the two-loop models that allow the half-odd-integer B − L charge assignment, DM candidate exists, even though SM fermions are propagating inside the loop, a feature that has been overlooked in the literature. List of the models and their associated residual symmetries and possible DM candidates are lsited in Tables  6 and 7 . In a future work [106] , we plan to construct the minimal scotogenic one-loop and two-loop models of Dirac neutrino mass arising from this working framework and study their associated DM phenomenology in great details.
Conclusions
In this work, we have performed a systematic search for the minimal Dirac neutrino mass models that arise from generic one-loop and two-loop topologies constrcuted from the d = 5 effective operator: L H ν R σ. Dirac nature of neutrinos is ensured by the U (1) B−L gauge extension of SM and with non-universal charge assignments of the right-handed neutrinos
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under it. After setting up our ground rules for minimality within the working framework, we have done an exhaustive analysis, case by case, to select economical models with and without colored particles propagating in the loop(s). At one-loop level, out of the six possible topologies T1-x (x=i-vi), we have found only two topologies T1-i and T1-ii that can lead to viable minimal models for Dirac neutrinos. After filtering out the less economical models, we ended up finding seven minimal models from T1-i and a single model from T1-ii with color singlet states. The corresponding numbers are eight and one, when colored particles are employed to build models. The complete list of viable one-loop models are listed in Tables 2 and 3 , and the representative neutrino mass generation diagrams are presented in Figs. 5 and 6.
In the two-loop scenario, there are essentially eighteen topologies that can generate a potentially very large number of diagrams. We thoroughly investigate the six basic diagrams T2-x (x=i-vi) that emerge from the generic topologies, and named them skeleton diagrams. As discussed in the text, many variations of models can be constructed from each of these skeleton diagrams. Our systematic procedure, discussed at great length, helped us selecting the associated minimal versions of the models. We have found three minimal models from T2-i, two from T2-ii and one each from T2-x with x=ii-vi skeleton diagrams by employing particles that do not carry color. When the internal particles are assumed to be non-singlets of color group, we have found nine minimal models from T2-i and one from each T2-x with x=ii -vi skeleton diagrams. The complete list of two-loop models is summarized in Tables 4 and 5, and the representative neutrino mass generation diagrams are shown in Figs. 10 and 13.
Furthermore, we have explored the possibilities of having DM candidates in each of these models. In the one-loop models, where SM particles circulate in the loop, there is no prospect of having a DM particle. In the alternate scenario, where all BSM states are running inside the loop, appearance of DM candidate arise naturally. Out of the eight models without colored states, five of them can incorporate DM particles. Whereas for the two-loop models, six out of nine minimal models contain DM candidate. It is interesting to note that in the two-loop scenarios, even though, SM particles circulate in the loops, DM candidate can still be obtained as a result of emergent dark symmetry. The models with colored states do not lead to DM particles since, stable colored particles are experimentally excluded. In conclusion, dark matter candidate, naturally arises in most of the minimal models presented here, without extending the particle content any further. In our set-up, the stability of these DM particles are guaranteed by the residual dark symmetry emerging from the spontaneously breaking of the U (1) B−L symmetry.
In total, we have worked out forty unique minimal models. Whereas only a few of these models presented in this work are discussed in the literature before, most of the models are new. It is interesting to note that every single minimal model presented in this work with colored particles only require fundamental representation under SU (3) C . Furthermore, for all models with or without colored particles, no representation higher than a fundamental representation of SU (2) L are employed either. Each of the models presented in this work can have very distinct and rich phenomenology and must be studied case by case, which is beyond the scope of this work. Following our detailed systematic approach presented in this work, new models of radiative Dirac neutrino mass can be constructed straightforwardly in different frameworks, such as by implementing alternative symmetries (discrete or continuous, for example U (1) R or general U (1) X theories) to forbid tree-level Dirac and Majorana mass terms at all orders.
